The buckling load of laminated plates having midplane symmetry is maximized for a given total thickness. The thicknesses of the layers are taken as the design variables. Buckling analysis is carried out using the finite element method. The optimality equations are solved by a homotopy method which permits tracing optima as a function of total thickness. It is shown that for any design with a given stacking sequence of ply orientations, there exists a design associated with any other stacking sequence which possesses the same bending stiffness matrix and same total thickness. Hence, from the optimum design for a given stacking sequence, one can directly determine the optimum design for any rearrangement of the ply orientations, and the optimum buckling load is independent of the stacking sequence.
INTRODUCTION C OMPOSITE
MATERIALS ARE ideal for structural applications where high strength-to-weight and stiffness-to-weight ratios are required. Design optimization of composite structures has gained importance in recent years as the engineering applications of fiber-reinforced materials have increased and weight saving has become an essential design objective, especially for aircraft and spacecraft structures.
Previous work on the optimal design of composite plates has focused on optimization with respect to the fiber orientations [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] [12] [13] . In References [14] [15] [16] [17] [18] [19] , however, laminate optimization is considered, in which the thicknesses of plies with specified orientation angles are treated as the design variables. The thickness of material at each preassigned orientation is treated as a continuous variable. More [20, 21] and Olson and Vanderplaats [22] . The present paper avoids the difficulties associated with discrete or integer variables by treating the thickness as continuous variables.
It is known that in some cases structures optimized for buckling are sensitive to small manufacturing imperfections [23] . In order to assure imperfection insensitivity for practical design, additional constraints may be placed on the buckling load. However, this study does not consider these imperfection effects.
A recently developed design method for buckling load maximization [24] starts from a given optimum design point and traces optimum designs as a function of the amount of available material. The method employs a homotopy technique [25] that has been widely used in many fields of engineering. In Reference [24] , the method was formulated using a simultaneous analysis and design approach and applied to the design of columns on elastic foundations. One objective of the present paper is to apply the same method with the more traditional nested approach in which the buckling analysis is performed repeatedly. A second objective is to study the effect of the stacking sequence on the optimum design. For Figure 1 shows the geometry of a laminate with 2n layers. The Z axis is taken perpendicular to the midplane of the laminate and is positive in the downward direction. Below the midplane, the value of Z at the bottom of layer k is denoted Using classical lamination theory, the bending stiffness matrix [D] in Equation (1) The differential equation for the buckling analysis is given by where N, is the buckling load and W denotes the transverse deflection of the middle surface of the plate. The moments are given in Equation (1) .
The analysis is performed with dimensionless quantities. First, using the nondimensional material properties, the nondimensional reduced stiffness matrix is Quantities relating to plate thickness such as Z;, TT, and Ti are normalized by 7r~~, the maximum total thickness considered in the optimization study:
Substituting Equations (13) and (14) into Equation (4), we obtain the nondimensional laminate stiffness matrix
The coordinates and displacements are nondimensionalized by the plate length in the x-direction, a:
and the nondimensional moments, ~, my , and mxy are defined as Finally, using Equations (16) and (17) [26] .
Assuming that the in-plane load is uniform, one finds that the finite element discretization of Equation (18) 4 degree of freedom {w, aw/ax, 3w/3y, aZwlaxc3y} at each node. The above matrix equation is solved using SNLASO, one of the subroutines from the package LAS02 [27] , which computes a few eigenvalues and the associated eigenvectors of a large (sparse) symmetric matrix using the Lanczos algorithm [28] .
The optimization procedure requires derivatives of the buckling load with respect to the thickness variables t; . These are calculated explicitly by differentiating the Rayleigh quotient associated with Equation (20) and the total thickness constraint of Equation (26) . Equations (26) and (28) form a system of nonlinear equations to be solved for t; and, . A homotopy method is used to find the solution of these equations for varying tT .
In certain ranges of structural resources, the optimal solution may be bimodal, i.e., the lowest buckling load may be a repeated eigenvalue. The formulation for bimodal solutions is given in the Appendix. Figure 4 . Previous works [24, 29] indicate that the optimal design may remain bimodal for the subsequent segment on the solution path. The homotopy routine traces solutions on a smooth path using sensitivity information obtained from the previous point. To preserve the smoothness of the solution path, the tracing routine picks at each step the eigenvalue nx corresponding to the critical nx in the previous step. As soon as the transition is passed this nx is no longer the lowest one, and this event identifies transition type 3. To determine an appropriate mesh size for the finite element analysis, a series of numerical tests were performed for a (0°/90°/45°)~ laminate. The nondimensional thickness of each layer was set at 1/3. Table 1 shows the first and second buckling loads for different meshes. The first buckling load is quite accurate even for a 2 X 2 mesh (less than 1 % difference compared to the 6 X 6 mesh); however, the second buckling load, which has a full sine mode in the x-direction, converges more slowly as the mesh is refined. Since the optimum designs are often bimodal, the first two buckling loads must be considered in the analysis, and a 4 x 4 mech is chosen for the finite element analysis. Figure 5 shows the nondimensional height of each layer of the optimum design (above the middle surface) obtained for 0.03 < ~ ~ 0.3. The thickness of each layer is the distance between the two adjacent heights. In Figure 5 , each curve has three transition points and consists of four solution segments. The circles on the curves indicate the transition points and the dots are the solutions traced along the optimum path. Along the first two segments (0.03 ~ t, :5 0.185), the optimum designs are unimodal, and along the last two segments (0.185 ~ t, :5 0.3), the optimum designs are bimodal. Along the first segment, only one layer (corresponding to the 45 ° fibers) varies its thickness, along the second and the third segments two layers (90° and 45 ° ) vary, and along the last segment all three layers change thickness. In Figure 6 , the nondimensional buckling loads, nx, corresponding to these optimum designs are shown in semi-log scale for the same range of tT . The dashed line indicates the buckling loads of reference designs in which all layers have the same thickness. Once all design variables are above Figure 5 . Optimum thickness distributions of (0°/90°/45°) laminates. their minimum gages (tr ~ 0.274) we reach the optimum unconstrained ratios of layer thicknesses. These optimum ratios are preserved as we increase the total thickness of the plate, ~r. Above t, = 0.274 the design variables are increased proportionally to tr, the buckling load is proportional to tT, and the set of active constraints is fixed. Therefore, there is no need to trace the optimal path beyond tT = 0.274.
Next, a (45'/90'/0'), laminate is considered. Figure 7 shows the height of each layer of the optimum design for 0.03 ~ ~ ~ 0.05 and Figure 8 £C forming from a (0°/90°/45°)~ design with the same stiffness matrix and the same total thickness. In fact, there are six possible stacking sequences for this case. Designs for all five other sequences were obtained from the (0°/90°/45°)~ design using Equation (10) and the results are summarized in rearranged stacking sequence which has a higher buckling load than the transformed design, a backward transformation should give a design which has a higher buckling load than the optimum design for the original stacking sequence. This is impossible, so the transformed design is also optimum. In fact, the results in Table 2 were verified to be optimum by direct optimization. 
